Introductory electromagnetism courses usually start the exposition of Faraday's induction law discussing the ordinary situation in which the induced electromotive force arises due to the motion of a resistive circuit in the presence of a magnetic field. In this paper we extend the discussion to cover the application of Faraday's law to perfectly conducting as well as to superconducting circuits rather than resistive circuits. While in resistive circuits the work done by the external agent is transformed into heat, the situation is quite different in either perfectly conducting or superconducting circuits. In superconducting circuits the work done by the external agent is used to accelerate the charge carriers, and magnetic energy is transferred from the magnet's magnetic field to the circuit where it is stored in the trapped field. The total flux trapped inside a perfectly conducting circuit is initially conserved but decays with time. In superconducting circuits what is conserved is a quantity called 'fluxoid'. The overall problem is very instructive since it employs the concept of self-inductance also, and it may be used to increase the student's interest on the important topic of superconductivity.
Introduction
While teaching introductory level electricity and magnetism to engineering students at a certain step the important topic of Faraday's induction law arises. The subject is particularly appealing in view of its important technological applications. The generation of electromotive forces from the time variation of the magnetic flux threading through a circuit is usually introduced in class with a discussion of Lenz's law. The first numerical problem usually dealt with quantitatively is the simple one of calculating the electromotive force induced in a rectangular circuit moving away from a constant magnetic field (B) magnet at constant speed v (figure 1) [1] . A practical point that should be stressed in class is that such uniform field configuration is chosen in the interests of clarity only since it would be quite difficult to create in practice. The wire has an electrical resistance R, and the current i induced by the flux variation tends to a constant value at times much longer than L/R, where L stands for the self-inductance of the circuit. Let us write the complete expression for Faraday's law for this problem:
Here ε is the electromotive force induced in the circuit, m is the magnetic flux produced by the magnet that penetrates the circuit, and L is the self-inductance of the circuit. For long times i is constant and the last term vanishes. The magnetic field is supposed to be uniform inside the magnet and it is simple to deduce that
The current is related to ε by ε = Ri, so that the saturation value of the current is i = Bav/R. Note that after complete removal of the circuit from inside the magnet d m /dt = 0, and from (1) the current decays to zero in a time ≈L/R as a consequence of the transformation of all stored magnetic energy into heat. No energy remains stored in the circuit. This is the 'resistive circuit' problem, which in most textbooks is discussed with L = 0 to simplify the exposition.
Perfectly conducting circuit
Some students might wonder what happens if the circuit has null resistivity (ρ). It seems obvious that the charge carriers will be accelerated due to the work done by the external agent, since there is no internal friction in the wire. However, the detailed answer is more complex since it will depend on the initial conditions. In this discussion the assumed initial state is the one in which no current flows and the magnetic field penetrates the interior of the circuit and the circuit itself. To establish this state, we will assume that the circuit initially had a finite resistance which was allowed to go adiabatically to zero after the field was applied. By reaching the limit of ρ = 0 (idealized perfect conductor) the induced electric field E must be zero everywhere inside the wire, otherwise one would get an infinite current density J , since E = ρJ , and thus an infinite current. However, there may exist surface currents, as eddy currents theory explains [2] . For any conductor submitted to a time-dependent magnetic field of angular frequency ω the currents are shielded from inside the conductor, but penetrate it up to a 'skin depth' δ whose magnitude is proportional to (ρ/ω) 1/2 [2] . In the limit of small resistivity and sufficiently fast motion of the circuit the currents are confined to a layer whose thickness δ should tend to zero. The current density J may tend to infinity on this layer, but its product times δ remains finite, producing a finite current [2] . However, the product ρJ vanishes [2] in this limit, so that the electric field remains zero on the surface layer (this is also a consequence of the continuity of the component of E parallel to the wire surface). We would have the situation in which a finite surface current i would be sustained with null electric field. Everywhere in the conductor ε is zero, since it equals the work done externally which is given by the line integral of E around the circuit. One may write the following equation for the internal region of a circuit made with a perfectly conducting wire:
Here the current is confined to the external surface of the wire. Equation (3) displays flux conservation inside the path of integration, i.e., inside the area bound by perfectly conducting material. Using (2), integration immediately yields a linear dependence of the current with time:
Let us suppose that the circuit was entirely inside the magnet at time zero, which implies that it will be entirely out at time t o = b/v. That is, the induced current will increase from 0 to Bab/L during the motion. Of course, the maximum current corresponds to a final magnetic flux = iL = Bab trapped inside the circuit area, which is the same as the initial one produced by the magnet alone. Therefore, perfect conductors would be capable of conserving the magnetic flux initially established inside them. As the circuit is removed from the magnet, each amount of energy i d m transferred to the circuit by the magnet's magnetic field is used to establish the circuit's own magnetic field with an associated magnetic potential energy Li di. In this process external work is transformed into magnetic potential energy. No heat is produced. However, to conclude this section it is important to point out that the currentcarrying state of a perfect conductor is inherently metastable, which means that the current in the circuit will progressively decay and eventually vanish after a very long time. This may be understood in qualitative grounds as an effect of the fact that interactions between the carriers and the crystal lattice cannot be completely eliminated. There exists a continuum of momentum states available for occupation as a result of such interactions. This will lead to a progressive increase in the disorder in the momentum distribution of the carriers until the orientation of their velocity vectors becomes random and no current remains. The equilibrium state of a perfect conductor therefore carries no current.
Superconducting circuit
Contrary to the perfect conductor situation a superconductor's equilibrium state under a magnetic field is the one in which current flows even under static conditions. These currents are needed to shield the superconductor from penetration by an imposed magnetic field, the so-called Meissner effect [3, 4] . Therefore, in this section we will not assume a null initial current at the onset of the circuit motion but we will rather assume that such initial current has a known value i 0 . Differently from idealized perfect conductors, superconductors may sustain finite electric fields and current densities down to a certain penetration distance from the sample surface. This fact is predicted by London's phenomenological theory of the Meissner effect [3, 4] , which makes use of the equation
Here J s is the current density of superconducting electrons (in a superconductor the current is exclusively carried by the fraction of electrons in the superconducting state). The parameter = m/(n s e 2 ), where e is the electron charge, n s is the density of superconducting carriers and m is the electron mass, which gives of the order of 10 −21 in MKS units. Equation (5) may be interpreted as the unopposed acceleration m dv d /dt of the carriers due to the force eE associated with the magnetically induced electric field, in the absence of resistance. Since J s = en s v d , equation (5) is obtained at once. In (type-I) superconductors the current penetrates inside the material down to a thickness λ(≡( /µ 0 ) 1/2 , where µ 0 is the permeability constant), called the London penetration depth, which is always finite (of the order of hundreds of nanometers) below the normal-superconductor transition temperature T c . Therefore, J s must remain finite. Similarly to the perfect conductor problem treated in the previous section, we will assume that the circuit was initially in a resistive state when the magnetic field was turned on. The circuit is cooled down through T c and becomes superconductor with magnetic flux remaining trapped inside its open internal area ab. To simplify the exposition we will also assume that the superconductor wire is thin compared to λ. One may obtain
The quantity between braces in (7) is called the 'fluxoid' φ c [3] . Equation (7) may be interpreted as determining the conservation of the fluxoid, rather than simply the conservation of the magnetic flux inside the circuit. The first term between braces in (7) is the kinetic energy of the carriers, while the remaining two terms are the magnetic potential energy. 
Returning to equation (6) one obtains the differential equation for the superconducting electron current when the circuit is removed from the magnet with velocity v:
Taking the time derivative of the flux from equation (2) one obtains a linear time-dependence of i s :
After complete removal of the circuit the final stable current is i 0 + Bab/(L + p/A). The energy state occupied by the electrons that transport the supercurrent is stable since there is an energy gap separating it from the continuum of states [4] , something inexistent in the perfect conductor case. We note that the electromotive force is associated with the kinetic energy (per unit charge), given by 
Discussion and conclusions
The objective of this paper has been the application of Faraday's induction law to perfectly conducting and superconducting circuits, in order to supplement the conventional classroom discussion of the subject which covers only the case in which the circuit is resistive. One notes that as far as energy conservation and transformation is concerned the three cases are different. While in resistive circuits the work done by the external agent is fully transformed into heat and no stored kinetic or magnetic energy remains in the end; the situation is quite different in perfectly conducting or superconducting circuits. In these latter cases magnetic energy is transferred to the circuit where it is stored in the trapped field established by the induced currents. The main difference between perfect conductors and superconductors is that the current-carrying state of a superconductor is stable, whereas the induced currents will tend to decay with time for perfect conductors. This entire discussion may be used as an introduction to the theme of superconductivity since features such as London's theory and the concept of the fluxoid are important to the solution of the problem.
